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Abstract

For a Hausdorff space X, a free involution T : X — X and a Hausdorff space
Y, we discover a connection between the sectional category of the double covers
qg:X — X/tand ¢¥ : F(Y,2) — D(Y,2) from the ordered configuration space
F(Y,2) to its unordered quotient D(Y,2) = F(Y,2)/%,, and the Borsuk—Ulam
property (BUP) for the triple ((X, 7); Y). Explicitly, we demonstrate that the triple
((X, 1); Y) satisfies the BUP if the sectional category of ¢ is bigger than the sectional
category of ¢". This property connects a standard problem in Borsuk—Ulam theory
to current research trends in sectional category. As an application of our results, we
present a new lower bound for the index in terms of sectional category. We present
several examples for whom the lower bound coincides with sectional category minus
1. We conjecture that the index of (M, t) coincides with the sectional category of the
quotient map ¢ : M — M/t minus 1 for any CW complex M.
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1 Introduction

Let ((X, 7); Y) be a triple where X is a Hausdorff space, T : X — X is a fixed-
point free involution and Y is a Hausdorff space. We say that ((X, 7); Y) satisfies
the Borsuk—Ulam property (which we shall routinely abbreviate to BUP) if for every
continuous map f : X — Y there exists a point x € X such that f(7(x)) = f(x).

Let S be the m-dimensional sphere, A : S — S§™ the antipodal involution (i.e.,
A(x) = —x for any x € $™) and R” the n-dimensional Euclidean space. The famous
Borsuk—Ulam theorem [3] states that for every continuous map f : S — R there
exists a point x € §™ such that f(—x) = f(x), i.e., the triple ((§", A); R™) satisfies
the Borsuk—Ulam property.

The study of BUP via sectional category is still non-existent and, in fact, this work
takes a first step in this direction. Several examples are presented to illustrate the
result arising in this field. We demonstrate that the triple ((X, t); Y) satisfies the
BUP if secat(g) > secat(qY ) (Theorem 3.14). As a result, we give an alternative
proof of the fact that the triple ((S™, A); R") satisfies the BUP forany 1 <n < m
(Corollary 3.16). Moreover, we show that if secat(q : X — X/t) > Emb(Y) then
the triple ((X, 7); Y) satisfies the BUP, where Emb(M) is the smallest dimension of
Euclidean spaces in which M can be embedded (Proposition 3.19). For any planar
graph I" such that F (I, 2) is path-connected, we show that the triple ((S$, A); I')
satisfies the BUP for any m > 2 (Example 3.21). In addition, we study two natural
generalizations of the Borsuk—Ulam theorem as follows.

The first natural generalization of the Borsuk—Ulam theorem consists in replacing
R" by a Hausdorff space Y, and then to ask which triples (($”, A); Y) satisfy the
BUP. We obtain that if secat (¢¥ : F(Y,2) — D(Y,2)) < m + 1 then the triple
((S™, A); Y) satisfies the BUP (Example 3.15). For Y a path-connected topological

manifold (without boundary), if dim(Y) < % we show that the triple ((S’”‘"1 ,A); Y)

satisfies the BUP (Proposition 3.17). In particular, in Example 3.18, we show that the
triple ((8™, A); ) satisfies the BUP for any m > 5 and any connected surface X.

The second natural generalization of the Borsuk—Ulam theorem consists in replac-
ing S™ by a connected, m-dimensional CW complex M™ and A by a free cellular
involution t defined on M™, and then to ask which triples ((M™, 7); R") satisfy
the BUP. From [9, Lemma 2.4] or Lemma 3.28, if n > m the BUP does not hold for
((M™, 7); R™). A major problem is to find the greatest n < m such that the BUP holds
for a specific (M™, t). Such greatest integer n is known as the index of T on M™ (Defi-
nition 2.2). We present a new lower bound for the index in terms of sectional category.
Indeed, we demonstrate that the index of T on X is at least secat(q : X — X/7) — 1
(Theorem 3.30). This lower bound can be achieved. Corollary 3.31 shows that the
index of T on M™ is m when secat(q) = m + 1. Moreover, Proposition 3.36 shows
that the index of T on M is m — 1 when secat(qg : M — M"™/t) = m. We con-
jecture that the index of (M, t) always coincides with the sectional category of the
quotient map g : M — M/t minus 1. Several examples are presented to support this
conjecture (Example 3.38).

The paper is organized as follows: In Sect. 2, we recall the notion of Borsuk—Ulam
property. A key result in this paper is a topological characterisation for the BUP (it is
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given in Proposition 2.3) together with Remark 2.4. In Sect. 3, we begin by recalling
the notions of sectional category, LS category, category of maps and basic results
about these numerical invariants. We show that the equality secat(p x 1z) = secat(p)
holds for any fibration p : E — B and any topological space Z (Proposition 3.6). In
[15], the author shows that secat(an) = n for any n > 1. We present an alternative
proof of this fact (see Lemma 3.12). In this section we study the BUP property for
the triple ((X, 7); Y) via sectional category. In particular, we demonstrate that the
triple ((X, 7); Y) satisfies the BUP if secat(q) > secat (qy ) (Theorem 3.14). We give
several examples which extend know results about the BUP. In particular, we recover
the famous Borsuk—Ulam theorem (Corollary 3.16). In addition, in Lemma 3.28, for
connected topological manifolds X and Y with dimension n and n + 1, respectively
(with n > 1); and a fixed-point free involution T : X — X, we show that the triple
((X, 1); Y) does not satisfy the BUP. As another application of our result, we present
a new lower bound for the index in terms of sectional category (Theorem 3.30).

The authors of this paper deeply thank the referees for very valuable comments and
timely corrections on previous versions of the work.

2 Borsuk-Ulam Theory Revisited

Let ((X, 1);Y) be a triple where X is a Hausdorff space, t : X — X is a fixed-
point free involution and Y is a Hausdorff space. We say that ((X, 7); Y) satisfies
the Borsuk—Ulam property (which we shall routinely abbreviate to BUP) if for every
continuous map f : X — Y there exists a point x € X such that f(r(x)) = f(x).
Let S be the m-dimensional sphere, A : S™ — S” the antipodal involution and
R” the n-dimensional Euclidean space. The famous Borsuk—Ulam theorem states that
for every continuous map f : S™ — R™ there exists a point x € S such that

f ) = f(=x) 3]

Remark 2.1 Note that if ((X, 7); Y) satisfies the BUP then the triple ((X, t); Z) also
satisfies the BUP for any nonempty subspace Z C Y.

A natural generalization of the Borsuk—Ulam theorem consists in replacing S by
a connected, m-dimensional CW complex M"™ and A by a free cellular involution t
defined on M™, and then to ask which triples ((M™, t); R") satisfy the BUP. From
[9, Lemma 2.4], if n > m the BUP does not hold for ((M™, 7); R"). A major problem
is to find the greatest n < m such that the BUP holds for a specific (M™, 7).

Definition 2.2 Let (X, t) be a Z,-space. Following [12, Definition 5.3.1] the Z;-index
of (X, 7) is defined by:

indz, (X) := min{n € {0,1,2,...} : X 3 §").

From [9, Propostion 2.2] follows that the greatest n such that (M™, 7); R") satisfy
the BUP coincides with indz, (M™), where the Z, action is given by .
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We will fix some notation that will be used throughout the paper. The ordered
configuration space of 2 distinct points on Y (see [6]) is the topological space

F,2)={(y1,y2) €Y XY : y1 # y2}

topologised as a subspace of the Cartesian power ¥ x Y. Consider the double cover ¢¥ :
F(Y,2) — D(Y,?2) from the ordered configuration space F (Y, 2) to its unordered
quotient D(Y,2) = F(Y,2)/%, given by the obvious action 7, of the symmetric
group X, on 2 letters. Note that the existence of a free action of Z, on X is equivalent
to that of a fixed-point free involution t : X — X. In this case, with X Hausdorff,
the quotient map ¢ : X — X/t is a 2-sheeted covering map. Recall that a covering
map is a locally trivial bundle whose fiber is a discrete space [1, Example 4.5.3, pg.
126] and thus the quotient map ¢ : X — X/t is a principal fibering in the sense of
Schwarz [17, Pg. 59].

It is easy to check the following topological criterion for the BUP (c.f. [8, Lemma
5D.

Proposition 2.3 The triple (X, t); Y) does not satisfy the BUP if and only if there
exists a Zo-equivariant continuous map ¢ : X — F(Y,2) such that the following
diagram commutes

12

X—*% - FY,2)

l Jo

X/T T— D(Y, 2)

where q - X — X/t and q¥ : F(Y,2) — D(Y,2) are the 2-sheeted covering maps,
and @ is induced by ¢ in the quotient spaces.

Proof Suppose first that ((X, 7); Y) does not satisfy the BUP. Then there exists a map
f X — Ysuchthat f(x) # f(r(x))forallx € X.Definethemapg : X — F(Y,2)
by ¢(x) = (f(x), f(z(x))). Note that ¢ is Zy-equivariant, and so induces a map ¢ of
the corresponding quotient spaces. Moreover, the equality @ o ¢ = ¢¥ o ¢ holds.

We now prove the converse. Suppose that there exists a such Z,-equivariant map
¢: X — F(,2). Let ¢ = (¢1, ¢2), and note that ¢(t(x)) = (p2(x), ¢1(x)) for all
x € X, and so ¢1(t(x)) = ¢(x) for all x € X. Then ¢1 : X — Y is a map with
01(x) # ¢2(x) = ¢1(t(x)) for all x € X, and we have that ((X, 7); Y) does not
satisfy the BUP. O

From [17, Pg. 61] we have the following remark.
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Remark 2.4 Let X, Y be Hausdorff spaces. Suppose that X admits a fixed-point free
involution 7. Note that, any commutative diagram in the form

X — Y~ F,2)

l Jo

X/TﬁD(sz)
¢

where ¢ : X — F(Y,2) is a continuous Z,-equivariant map and ¢ is induced by ¢ in
the quotient spaces, is a pullback since ¢ restricts to a homeomorphism on each fiber
(in this case both g : X — X/t and qY : F(Y,2) — D(Y, 2) are 2-sheeted covering
maps).

3 Sectional Category

In this section we begin by recalling the notion of sectional category together with
basic results about this numerical invariant. We shall follow the terminology in [21].
If f is homotopic to g we shall denote by f >~ g. The map 1z : Z — Z denotes the
identity map. Fibrations are taken in the Hurewicz sense.

Let p : E — B be a fibration. A cross-section or section of p is a right inverse of
p,ie,amaps: B — E,suchthat pos = 1p. Moreover, given a subspace A C B,
a local section of p over A is a section of the restriction map p; : P~ (A) > A ie.,
amap s : A — E, such that p o s is the inclusion A — B.

We recall the following definition, see [16] or [17].

Definition 3.1 The sectional category of p, called originally by Schwarz genus of p,
and denoted by secat(p), is the minimal cardinality of open covers of B, such that each
element of the cover admits a continuous local section to p. We set secat(p) = oo if
no such finite cover exists.

For a commutative ring R and a proper ideal S C R, the nilpotency index of S is
given by

nil(S) = min{k : any product of k elements of § is trivial}.

Note that, nil(S) coincides with n + 1, where n is the maximum number of factors in
a nonzero product of elements from S.

The following statement gives a lower bound in terms of any multiplicative coho-
mology (see [20, Proposi¢do 4.3.17-(3), pg. 138]).

Lemma 3.2 Let h* be a multiplicative cohomology theory and p : E — B be a
fibration, then

secat(p) > nil(Ker(p*)),

where p* : h*(B) — h*(E) is the induced homomorphism in cohomology.
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Remark 3.3 Lemma 3.2 implies that if there exist cohomology classes a1, ..., €
h*(B) with p*(a1) = -+ = p*(a) = 0and ¢y U- - -Uag # 0, thensecat(p) > k+1.
In this paper we will use Lemma 3.2 for h* as being the singular cohomology with
any coefficient ring (as was presented by James in [11, pg. 342]).

Now, note that, if the following diagram

E— = F
N
B

commutes up homotopy, then secat(p’) > secat(p) (see [17, Proposition 6, pg. 701).
Also, from [17, Proposition 7, pg. 71], for any fibration p : E — B and any continuous
map f : B — B, note that any local sections : U — E of p : E — B induces a
local section of the canonical pullback f*p : B’ x g E — B’, called the local pullback
section f*(s): f~Y(U) — B’ xp E, simply by defining

@) = (b, (s0 H©®)).

B xpE————>F

7 /J/
f*(s) o l o
fo (U)
Thus,
secat( f*p) < secat(p). 3.1

Before stating Lemma 3.5, let us present a key concept which we call quasi pullback.
Definition 3.4 By a quasi pullback we mean a strictly commutative diagram

x Yo x

|

Y —=Y
@
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such that, for any strictly commutative diagram as the one on the left hand-side of (3.2),
there exists a (not necessarily unique) continuous map # : Z — X’ that renders a
strictly commutative diagram as the one on the right hand-side of (3.2).

N

e h
lf f’l
¢ Yy’ Y ¢ Y’

Note that such a condition amounts to saying that X’ contains the canonical pullback
Y’ xy X determined by f and ¢ as a retract in a way that is compatible with the
mappings into X and Y.

Then we have the following statement.

e
¢

Lemma3.5 Let p : E — B be a fibration. If the following square

E ——=E

0]

B ——~B

7
is a quasi pullback, then secat(p’) < secat(p).

Proof Since p’ is a quasi pullback, we have the following commutative triangle

B xgE———— > E

and thus secat(f*p) > secat(p’). Similarly, since f*p is the canonical pullback, we
have the following commutative triangle

E— - B xpE

and thus secat(p’) > secat( f* p). Hence, the equality secat(p’) = secat(f* p) holds.
By the inequality (3.1), we obtain secat(p’) < secat(p). O
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In Example 3.38 we will use the equality secat(p x 1z) = secat(p) which holds
for any fibration p : E — B and any topological space Z. For that reason, we present
a proof to it.

Proposition3.6 Let p : E — B be a fibration and Z be a topological space, then
secat(p x 1z) = secat(p).

Proof Note that, if s : U — E is a section to p, then the products x 1z : U X Z —
E x Zisasection to p x 1z, and thus, secat(p x 1z) < secat(p). The other inequality
follows from the fact that the square

Jzo
E—ExZ

B—BxZ
Jzg

where j,,(—) = (—, zo) is the natural inclusion (zg € Z), is a quasi pullback together
with Lemma 3.5. O

Next, we recall the notion of LS category which, in our setting, is one bigger than
the one given in [5, Definition 1.1, pg.1].

Definition 3.7 The Lusternik—Schnirelmann category (L-S category) or category of
a topological space X, denoted by cat(X), is the least integer m such that X can be
covered by m open sets, all of which are contractible within X. We set cat(X) = oo
if no such m exists.

We have cat(X) = 1iff X is contractible. The L-S category is a homotopy invariant,
i.e., if X is homotopy equivalent to Y (which we shall denote by X =~ Y), then
cat(X) = cat(Y). Furthermore, the invariant satisfies the following properties.

Lemma 3.8 (1) [[11],Proposition5.1, pg.336]If X is a (q—1)-connected CW complex
(q = 1), then

hdim(X
hdim(X)

cat(X) < 1,

where hdim(X) denotes the homotopical dimension of X, i.e., the minimal dimen-
sion of CW complexes having the homotopy type of X.
(2) [[20], Proposicao 4.1.34, pg. 108] We have
cat(X) > nil (R*(X)),

where I* (X) is any multiplicative reduced cohomology theory.

We recall the following statements.
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Lemma3.9 Let p: E — B be a fibration.

(1) [17, Theorem 18, pg. 108] We have secat(p) < cat(B).
(2) [20, Proposicdo 4.3.17, pg. 138] If p is nulhomotopic, then secat(p) = cat(B).

Remark 3.10 Given a Hausdorff space X admitting a fixed-point free involution t, we
have that:

(i) The quotient map ¢ : X — X/t is the trivial bundle if and only if it admits a
continuous cross-section [18, Pg. 36]. In particular, in the case when X is Hausdorff
and path-connected, the quotient map ¢ : X — X/t is not the trivial bundle and
does not admit a continuous cross-section.

(ii) The quotient map ¢: X — X/t is closed (see [4, Theorem 3.1, pg. 38]). From
[13, Corollary 1, pg. 823] if X is paracompact, then X /7 is also paracompact and
thus g: X — X/t is a fibration.

Example 3.11 Recall that the Zj)-cohomology of RP™ (m > 1) is given by

Z
H*(RP™; 7,) = (ai[fl]) with 0 # o € HY(RP™: 7,). Then, for dimensional

reasons, the induced homomorphism qzz c H* (RP™; Zy) — H* (S™; Z) is trivial
and thus Ker(qzz) = ﬁ*(RP’”; Z,) for any m > 2. Then Nil (Ker(qzz)) >m+41

for any m > 2. In addition cat(RP™) = m + 1 (see [5, Example 1.8, pg.4]). Thus, for
any m > 2, we have

secat(q : " — RP™) = cat(RP™) = Nil (Ker(¢qz,)) =m + 1,

where ‘122 : H*(RP™;Zy) — H*(S™; Z) is the induced homomorphism in Zp-
cohomology. Furthermore, secat(q : st — RPI) = cat(RPl) = 2. Indeed, for
m > 2, by Lemma 3.2 together with Lemma 3.9 we have

m+ 1 < Nil (Ker(q%z))
< secat(qg : S — RP™)
< cat(RP™)
=m-+ 1.

On the other hand, secat(g : S' — RP') > 2. Moreover, again by Lemma 3.9,
secat(q : S' — RP!) < cat(RP') = 2.

In [15], the author shows that secat(q]Rn) = n for any n > 1. However, we present
an alternative proof of this fact.

Lemma3.12 We have that secat (¢®" : F(R",2) — D(R",2)) = n foranyn > 1.

Proof The case n = 1 is easy since the configuration space D (IR, 2) is contractible.
For n > 2, consider the maps ¢: $"~! — F(R",2) and ¢ : F(R",2) — $""! given
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by ¢(x) = (x, —x) and ¥ (x,y) = H Then, we have that the following
X =y
diagrams
sl PR 2) F@R,2)— o gn-1
| R !
RP" 1 ——~ D(R",2) D(R",2) —— Rp"~!
¢ v

are pullbacks. Then, by Lemma 3.5, we conclude that secat(qR") = secat(q) and
therefore, secat(¢® ) = n (by Example 3.11). O

In the same way, we will check that secat (¢5") = n + 1 forany n > 1.
Lemma 3.13 We have that secat (an F(S™,2) — D(S", 2)) =n+1foranyn > 1.
Proof Consider the following pullbacks

s F(s,2) Fst,2) —0 o
N A
RP" 7> B(S",2) B(S",2) 7> RP"
where ¢(x) = (x, —x) and ¥ (x, y) = H Then, by Lemma 3.5, we conclude
X =Yy

that secat(g S”) = secat(q) and therefore, secat(q S") =n+ 1 (by Example 3.11). O

Our main result is as follows. We show that the BUP is valid if certain conditions
in terms of sectional category are satisfied.

Theorem 3.14 (Principal theorem) Suppose that X and Y are Hausdorff spaces with
X and F (Y, 2) paracompact. If the triple (X, t); Y) does not satisfy the BUP then

secat(q) < secat(qy ).

Equivalently, if secat(q) > secat(qY) then the triple (X, t); Y) satisfies the BUP.
Proof It follows from Proposition 2.3 and Remark 2.4 together with Lemma 3.5. O
Next, we will present direct applications of Theorem 3.14.

Example 3.15 Let m > 1 and Y be a Hausdorff space with F (Y, 2) paracompact, and
consider the covering maps:

sm F(Y,2)
no
RP™ D(Y,2)
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Recall that secat(q) = m + 1 (see Example 3.11). Therefore, by Theorem 3.14, if
secat(g’) < m + 1 then the triple ((S”, A); Y) satisfies the BUP.

Example 3.15 implies the famous Borsuk—Ulam theorem [3].

Corollary 3.16 (Famous Borsuk—Ulam theorem) We have that the triple ((S™, A); R™)
satisfies the BUP forany 1 <n < m.

Proof We have that secat(qR") = n (see Lemma 3.12), and thus, from Example 3.15,
we conclude that the triple ((S™, A); R") satisfies the BUP forany 1 <n < m. O

Moreover, we have the following statement.

Proposition 3.17 Let Y be a path-connected topological manifold (without boundary)
such that dim(Y) < % Then

(1) The triple ((S™+!, A); Y) satisfies the BUP.
(2) Ifhdim(D(Y,2)) < 2dim(Y) — 1 then, ((S™, A): Y) satisfies the BUP

Proof The case, dim(Y) < 1 is shown easily. We will suppose that dim(Y) > 2.

(1) From Lemma 3.9 together with Lemma 3.8-item (1), we have

secat(g?) < cat(D(Y, 2))
< hdim(D(Y, 2)) + 1
< 2dim(Y) + 1
<m+1.

Thus secat(q?) < m + 2 = secat(g: S™*!' — RP™1) and by Example 3.15,
then we conclude that the triple ((S"H'l, A) Y ) satisfies the BUP.
(2) From Lemma 3.9 together with Lemma 3.8-item (1), we have

secat(g?) < cat(D(Y, 2))
< hdim(D(Y,2)) + 1
<2dim(Y)—1+1

<m.

Thus secat(¢¥) < m + 1 = secat(g: S — RP™) and by Example 3.15, then
we conclude that the triple ((S™, A); Y) satisfies the BUP.

O

We do not know an example of a path-connected manifold ¥ (without boundary)

such that hdim(D(Y, 2)) = 2dim(Y).
An immediate consequence of Proposition 3.17 is the following example.

Example 3.18 Let X be a connected surface. Then the triple ((S™, A); X) satisfies the
BUP for any m > 5.
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Example 3.18 together with [7, Theorem 2, pg. 1743] imply that the triple
((S”’, A); RPz) satisfies the BUP for any m > 2. In [7, Theorem 2, pg. 1743], the
authors showed that the triple ((S’”, A); RPZ) satisfies the BUP for m € {2, 3}. On
the other hand, we can check that (or see [7, Proposition 4, pg. 1743]) the triple
((S™, A); X) satisfies the BUP for any m > 2 and any connected closed surface X
different from R P2 and S2.

Let Emb(M) be the smallest dimension of Euclidean spaces when M can be embed-
ded. We set Emb(M) = oo if no such embedding exists. We have the following
statement.

Proposition 3.19 Suppose that X and Y are Hausdorff spaces with Emb(Y) < oo. If
secat(q : X — X/t) > Emb(Y) then the triple (X, t); Y) satisfies the BUP.

Proof Consider Y C R¥, where k = Emb(Y). We have the following pullback

F(Y,2) — = F(Rk,2)

/| o

D(Y,2) — D(RK, 2)

where the horizontal maps in the diagram are induced by the inclusion ¥ < Rk,
Then secat(qY) < secat(qu) =k = Emb(Y) < secat(q : X — X/t). Thus, by
Theorem 3.14, we obtain that the triple ((X, t); Y) satisfies the BUP. O

In particular, we have the following example.

Example 3.20 Note that Emb(Sz) = 3. Thus, by Proposition 3.19, we obtain that the
triple ((S™, A); S?) satisfies the BUP for any m > 3.

Note that, Example 3.20 cannot be improved, that is, we can check that (or see [7,
Corollary 1-(b), pg. 1743]) the triple ((SZ, A); S2) does not satisfy the BUP.
The following statement is a partial result of the BUP when Y = T is a graph.

Example 3.21 Suppose that I" is a planar graph such that F(I", 2) is path-connected.
We have that Emb(I") = 2. Thus, by Proposition 3.19, we obtain that the triple
((S™, A); I') satisfies the BUP for any m > 2. Moreover, note that secat(q') = 2.
Indeed, the inequality 2 < secat(g' ) follows from Remark 3.10 item (i) together with
the hypothesis that F (T, 2) is path-connected. The inequality secat(g') < 2 follows

from the hypothesis that I" is planar (hence secat(gq") < secat(qu) =2).

Remark 3.22 Note that, for m > 1, by the famous Borsuk—Ulam theorem (Exam-
ple 3.16) together with Remark 2.1, we obtain that the triple ((S™, A); Z) satisfies the
BUP for any subspace Z C R™.

When §° is the infinite dimensional sphere we have:
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Example 3.23 For cohomological reasons, note that secat(S*° — RP°) = oo, then
the triple ((S°°, A); Y) satisfies the BUP for any finite dimensional topological man-
ifold Y. Indeed, we have

secat(¢?) < cat(D(Y,2))
< dim (D(Y,2)) + 1

< Q.

Next, we will study the BUP when X = F(Z, 2) is the ordered configuration space.
Recall that, we have the free involution 1 : F(Z,2) — F(Z,2), ©a(x,y) = (¥, x)
and the equality secat(qR") = n (see Lemma 3.12).

Proposition 3.24 Let Y be a path-connected topological manifold (without boundary).
-1
Ifdim(Y) < nT then the triple ((F(]R”'H, 2), 12); Y) satisfies the BUP.

Proof Let h : F(R™t!,2) — Y be any continuous map. Consider j : S"* —
F(R™*!, 2) given by j(x) = (x, —x) and we have the composition o j : " — Y.
Then, by Proposition 3.17 item (1), there exists x € S” suchthatho j(—x) = ho j(x),
and thus 2(—x, x) = h(x, —x). Then, there is apointz = (x, —x) € F(R™1,2) such
that h(12(z)) = h(z). Therefore, the triple ((F(R"*!, 2), 1,); Y) satisfies the BUP. O

In particular, when Y is a surface, we have the following statement.

Example 3.25 Let X be a path-connected surface, then the triple ((F(R", 2), 12); %)
satisfies the BUP for any n > 6 (by Proposition 3.24). Furthermore, by Proposi-
tion 3.19, we obtain that ((F (R", 2), 72); X) satisfies the BUP for any n > 4 when ¥
is a connected orientable surface.

Lemma 3.13 says that the equality secat(¢5") = n + 1 holds for any n > 1. Thus,
we have the BUP when X = F(S", 2).

Proposition 3.26 Let Y be a path-connected topological manifold (without boundary).
Ifdim(Y) < g then the triple ((F(S’H‘l, 2), 1); Y) satisfies the BUP.

Proof Let h : F(S"t!,2) — Y be any continuous map. Consider j : §"*! —
F(s"1,2) given by j(x) = (x, —x) and we have the composition 4o j : "1 — Y.
Then, by Proposition 3.17, there exists x € §"*1 such that 4o j(—x) = h o j(x), and
thus A(—x, x) = h(x, —x). Then, there is a point z = (x, —x) € F(S"“, 2) such
that 2 (t2(z)) = h(z). Therefore, the triple ((F(S"‘H, 2), 17); Y) satisfies the BUP. O

One more time, when Y is a surface, we have the following statement.

Example 3.27 Let X be a path-connected surface. By Proposition 3.26, then the triple
((F(S",2), 1n); X) satisfies the BUP for any n > 5. On the other hand, by Proposi-
tion 3.19, we obtain ((F(S", 2), 72); X) satisfies the BUP for any n > 3 when X is a
connected orientable surface.

@ Springer



41 Page 140f 19 Bulletin of the Iranian Mathematical Society (2023) 49:41

The following statement generalises [9, Lemma 2.4]. Note that for any principal
Zo-bundle g : M™ — M™/t, we will write f, : M"/t — RP> = BZj for the
classifying map of the bundle ¢. It is unique up to homotopy.

Lemma 3.28 Let X be a path-connected CW complex and Y be a path-connected
topological manifold with dimension n and n + 1, respectively (with n > 1); and

T : X — X be a fixed-point free cellular involution. Then ((X, 1); Y) does not satisfy
the BUP.

Proof Since dim(X) = n and thus dim(X/t) = n, there isamap p: X/t — RP"
such that the triangle

X S"

commutes up homotopy. Then, there is a Z,-equivariant continuous map p: X — S”
such that ¢’ o p = pog.Let R C Y be an embedding. Thus, we have the following
commutative diagram:

X p % ¢ FRH )t F(y.2)
q q’l gR ! l lqy
X/t r RP" ¢ DR, 2L py.2)

where ¢ (x) = (x, —x) and i is induced by the inclusion R"*! < Y. Then ¢ : X —
F(Y,2) given by ¢ = i o ¢ o p is a Zp-equivariant continuous map such that the
following diagram commutes

12

X—*% - FY,2)

l Jo

X/T T— D(Y, 2)

and we conclude that ((X, 7); Y) does not satisfy the BUP. O

The following statement presents estimates of the sectional category secat(g?).

Proposition 3.29 If Y is a connected topological manifold (without boundary) with
dimension n (n > 1), then
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(1) n <secat(qg¥) <2n + 1.
(2) Ifhdim(D(Y,2)) < 2dim(Y) — 1 then, n < secat(q’) < 2n.

Proof The case, n = 1 is shown easily. We will suppose that n > 2. Let R" C Y be
an embedding. We have the following pullback:

F(R",2)—~ F(Y,2)

| v

DR", 2)“——= D(Y,2)
Then

secat(qy) > secat(an)

=n.

On the other hand,
(1) by Lemma 3.8, we have

secat(¢?) < cat (D(Y,2))
< hdim (D(Y,2)) + 1
<2n+1.

(2) By Lemma 3.8 together with the hypotheses hdim(D (Y, 2)) < 2dim(Y) — 1, we
have

secat(g?) < cat (D(Y,2))
< hdim (D(Y,2)) + 1
<2n—1+1

< 2n.

O

Note that, any double cover with path-connected total space has sectional category
at least 2. Furthermore, for any connected m-dimensional CW complex M™ and t
be a free cellular involution defined on M"™, the inequalities 2 < secat(q : M™ —
M™/t) <m + 1 hold.

Now, we present a new lower bound for the index of (M™, ) in terms of the
sectional category secat(qg : M — M™ /7).

Theorem 3.30 Let X be a Hausdorff paracompact space admitting a fixed-point free
involution t. Let q : X — X/t be the quotient map. If | < n < secat(q) — 1, then
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the triple ((X, t); R") satisfies the BUP. In particular, the index of T on X is at least
secat(qg) — 1.

Proof By Theorem 3.14 we have that ((X ,T); Rsecat(‘”_l) satisfies the BUP. O

This lower bound can be achieved. Example 3.16 shows that the index of the
antipodal involution A on S™ ism = secat(q)— 1. More general, we have the following
statement.

Corollary 3.31 Ifsecat(q : M™ — M™/t) = m + 1 then the index of t on M"™ is m.

Proof 1t follows from Theorem 3.30 together with the fact that the index is at most m
(see [9, Lemma 2.4] or Lemma 3.28). O

The category of amap f : X — Y, denote cat(f), is the least integer m such
that X can be covered by m open sets Uy, ..., Uy, such that each restriction f [y, is
nullhomotopic. Note that, cat(1x) = cat(X). This numerical invariant was introduced
by Berstein and Ganea in [2].

We recall basic properties concerning category of a map, see [2].

Proposition 3.32 (1) If f =~ g then cat(f) = cat(g).
(2) Foranymap f : X — Y, we have cat(f) < min{cat(X), cat(Y)}.
(3) We have

cat(f) = Nil (im (")),

where [* : ﬁ*(Y ) — %*(X ) denotes the induced homomorphism in any multi-
plicative reduced cohomology theory.

We recall from [5, Proposition 9.18, pg. 261] how sectional category relates to the
category of classifying maps.

Proposition 3.33 Suppose p : E — B isafibration arising as a pullback of a fibration

p:E—B
E
pi
B

where E is contractible. Then secat(p) = cat(f).

N

O <—
>

-

f

Let M™ be a connected m-dimensional CW complex and A be a free cellular
involution t defined on M™. We recall that for any principal Z,-bundle ¢ : M" —
M™ /T, wewrite f, : M" /T — RP® = BZ for the classitying map of the bundle g.
It is unique up to homotopy. Denoting the generator of H' (RP>; Z,) = 7, by a, the
characteristic class of the principal bundle is then y = fq*(oz) e H\(M™ /T; Z»).Since
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the bundle is non-trivial, it follows that y # 0. In addition, by Proposition 3.33, the
sectional category secat(q : M™ — M"™ /1) = cat(f,). So, we obtain the following
statement.

Proposition 3.34 Let y be the characteristic class of the principal bundle g : M™ —
M"™/t. Forn < m, if y" # 0 then the triple (M™, t); R") satisfies the BUP.

Proof From Proposition 3.33, secat(q) = cat(f,;) where f, is the classifying map of
g-By Proposition 3.32-item (3), cat(f) > n+1sincey € im (f7)and y" # 0. Then
secat(g) > n+ 1 and thus by Theorem 3.30, we conclude that the triple (M™, 7); R")
satisfies the BUP. O

The following implication of Proposition 3.34 was proved in [9, Theorem 3.4] for
n=m.

Lemma 3.35 [9, Theorem 3.4] Let y be the characteristic class of the principal bundle
q:M" — M™/t. The triple (M™, 7); R™) satisfies the BUP if and only if y™ # 0.

The following statement shows that the lower bound of the index given in Propo-
sition 3.30 is also achieved.

Proposition 3.36 [f secat(q : M™ — M™/t) = m, then the index of T on M™ is
m— 1.

Proof From Theorem 3.14, we have the triple ((M™, 7); R") satisfies the BUP for
any n < m. Note that, y™ = 0 since secat(q : M"™ — M"™/t) = m. Then, by
Lemma 3.35, we have that the triple ((M™, t); R™) does not satisfy the BUP, then the
index of T on M ism — 1. O

From [5, Proposition 1.27-(2), pg. 14] we recall that cat(X Vv Y) = max{cat(X),
cat(Y)}. Then, we have the following example which satisfies the condition of Propo-
sition 3.36.

Example 3.37 Let M = S™v "1y §™ withm > 3 and 7 be a free cellular involution
on M such that M/t = RP™1\/ 8™ Indeed, T interchanges the two S summands
from the wedge sums and acts antipodally on the $”~! summand. Similarly, like
the calculation of the sectional category secat(S'”*1 — RP”’*I) = m, we have that
secat(q : S"VS" v §" — RP"1vS™) = cat(RP™vS™) = nil (Ker(qu)) -
m.

From Proposition 3.6, the equality secat(p x 1z) = secat(p) holds for any fibration.
Thus, we have the following example.

Example 3.38 For any positive integers m and k such that 2 < k < m + 1 consider the
m-dimensional smooth manifold M” = S¥~1 x §! x ... x S! (product of one S¥~!
and m — k + 1 copies of S') equipped with the free involution T = A x 1g1 x---x lgi
(A the antipodal involution on S¥~1). Note that, the quotient map ¢’ : M™ — M™ /7
coincidences with the product ¢ x lgi x --- x lgi, where ¢ : SK=1 — RP*F1 s
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the usual 2-covering map, and so, by Proposition 3.6, we obtain that secat(q’) =
secat(g) = k. On the other hand, we have the following commutative diagram

Sk s sl x ... x St F(RK,2)

k
q><151><~~><1S1\L lqR

RPFIx 8§l x... x S! - D(R*, 2)

where ¢(x, 21, ..., Zn—k+1) = (x, —x) for any (x, z1, ..., Zn—k+1) € k=1 §1 %
.- -xSl,andthusthetriple ((Sk_1 x Stx .. xS A x Igt X --- X 151) ; Rk) does
not satisfy the BUP. Therefore, by Proposition 3.30, the index of (M™, 1) is equal to
k — 1 = secat(q’) — 1 (compare with [10, pg. 772]).

Motivated by Theorem 3.30, Corollary 3.31, Proposition 3.36, and Example 3.38
we formulate the following conjecture.

Conjecture. Let M™ be a connected, m-dimensional CW complex and t be a free
cellular involution defined on M™. The index of T on M™ is equal to secat(g) — 1,
equivalently, by Theorem 3.30, the triple ((M m_r); Rsecatlg )) does not satisfies the
BUP.
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